Introduction
In the past few years, considerable efforts have been expended to analyze fracture susceptibility of flawed pressure vessels. The actual flaws from which fracture initiated in pressure vessels can be approximated often by semi-elliptical geometries. Accurate estimates of stress intensity factors along the flaw-border are needed for a reliable prediction of the growth of a fatigued crack as well as crack under the thermal shock condition.
Since analytical solutions to such problems are not available due to the inherent complexity, many numerical methods have been developed to obtain stress intensity factors. A critical evaluation of numerical solutions to the socalled "benchmark surface flaw problem" has recently been made in reference [1] . It was concluded in the study [1] that the alternating method [2, 3] even though it gave a relatively poor result, yet remained a potentially cheaper technique if it can be improved.
Recently, a major improvement of the alternating technique has been made by the present authors [4, 5] . In the new alternating method [4, 5] , the complete analytical solution [5, 6] for an embedded elliptical crack in an infinite solid, subjected to arbitrary tractions on the crack surface was implemented in conjunction with the finite element method. It
Contributed by the Pressure Vessels and Piping Division for publication in the JOURNAL OF PRESSURE VESSEL TECHNOLOGY. Manuscript received by ASME Headquarters, August 10,1982. was demonstrated that the new finite element alternating method gave accurate evaluation of stress intensity factors and is approximately one order of magnitude less expensive in computing costs as compared to those with the hybrid finite element method [7, 8, 9] .
The problem of semi-elliptical surface cracks in pressurized cylinders has been studied by several authors. Threedimensional finite element methods were used by Atluri and Kathiresan [8, 9] , McGowan and Raymund [10] , Newman and Raju [11] , and Miyazaki, et al. [12] , while the boundary integral equation method was used by Heliot, et al. [13] .
In the present paper, using the new finite element alternating method, stress intensity factors are presented for flaws of various shapes at the inner surface of thin pressure vessels, as recommended by the ASME Boiler and Pressure Vessel Code. The present finite element alternating method is also applied to an outer semi-elliptical surface crack in a thick pressurized cylinder.
Analytical Solution for an Elliptical Crack in an Infinite Solid With Arbitrary Crack-Face Traction
In this section, only the Mode I problem is considered. The complete solution including Modes II and III is given in references [5, 6] . Let x 3 be the coordinate normal to the elliptical crack face, and let the tractions along the crack surface expressed in the form where C's are also undetermined coefficients. The components of stress a^ as well as displacement u t can be expressed by the potential function f 3 [5, 6] . Thus, stresses are given in a matrix form
is a function of the coordinates (Xi ,x 2 ,x i ) and TV is the total number of coefficients A or C.
Satisfying the boundary condition on the crack surface, the relation between the parameters A and C in equations (1) and (2) can be summarized in a matrix form
is given in reference [5] . For a complete polynomial loading expressed by equation (1) , the maximum degree of polynomial M c and the number of coefficients N can be expressed, respectively, by M c = 2M+1 and N = (M+1) (2M+3)x3. For an incomplete polynomial loading in which the symmetries of problem are accounted, the maximum degree of polynomial and the number of coefficients depend on not only the parameter Mbut also parameters / and/.
Once the coefficients C are determined by solving equation (4) for a given loading on the crack surface, the stress intensity factor corresponding to this load is evaluated from the following equation:
a,a 2 V «, / where 6 is the elliptic angle measured from X\ axis, n is the shear modulus, and A = a}sm 2 e + alcos 2 6 (6) In the foregoing, the elliptical crack with major semi-axis a { and minor semi-axis a 2 is considered.
Finite Element Alternating Method
The alternating method for elliptical crack problem was originally developed by Shah and Kobayashi [2, 3] . However the basic solution needed in the implementation of the alternating method has been limited only to a cubic pressure distribution on the crack surface.
The present alternating method uses two basic solutions as follows [4, 5] : Solution 1 Analytical solution for an elliptical crack subjected to arbitrary loadings on the crack surface, in an infinite solid, as explained in the previous section and in reference [5] , Solution 2 A general numerical solution technique such as the finite element method or boundary element method, to Step 1
Solve the uncracked body under external loads by using finite element method (FEM)
Step 2 Using FEM solutions compute stresses at the location of the crack
Step 3 | Are the stresses in step (2) negligible?! Yes No
Step 4 Determine coefficients A in the applied stresses by fitting crack face stresses in step (2)
Step 5 Determine coefficients C in the potential functions
Step 6 Calculate the k-factors for the current Iteration
Step 7
Calculate residual stresses on external surfaces of the body due to the loaded crack. Reverse them and calculate equivalent nodal forces.
Step
Consider the nodal forces in step (7) as external applied loads acting on the uncracked body Add the k-factor solutions of all iterations
solve for the stresses in an uncracked solid at the location of the crack.
In the present paper the finite element method is used to generate Solution 2 because of its simplicity. Use of the finite element method enables the alternating method to be applied to more complex structural components.
Smith, et al. [14] introduced a finite element method into the alternating method to analyze surface cracks emanating from fastener holes. However, in their method [14] , Solution 1 was also limited to a cubic normal loading, since Solution 1 adopted in [14] was the one used by Shah and Kobayashi [2] .
The present finite element alternating method [5] requires the following steps as shown in Table 1. 1 Solve the uncracked body under the given external loads by using finite element method. The uncracked body has the same geometry with the given problem except the crack. To save computation time in solving the finite element equations repeatedly, an efficient equation solver OPTBLOK [15] which has resolution facility was implemented as explained in reference [5] . In OPTBLOK, the reduction of stiffness matrix is done only once although the reduction of load vector and back substitution may be repeated for any number of iterations, with small additional computational time.
2 Using the finite element solutions, compute the stresses at the location of the original crack.
3 Compare the residual stresses calculated in Step 2 with a permissible stress magnitude. In the present study one percent of the internal pressure on the cylinder surface is used for the permissible stress magnitude.
4 To satisfy the stress boundary conditions, reverse the residual stresses. Then determine coefficients A in equation (1) for the applied stress on the crack surface, by using the following least squares fitting.
where ^ is the reversed residual stress calculated by the finite element method, S c is the region of the crack, and / is the functional to be minimized. 5 Determine the coefficients C in equation (2) for the potential function by solving equation (4) 
([ C) = [B] ~' [A}).
6 Calculate the stress intensity factor for the current iteration by substituting coefficients Cin equation (5).
7 Calculate the residual stresses on external surfaces of the body due to the applied stress on the crack surface in Step 4. To satisfy the stress boundary condition on the external surfaces of the body, reverse the residual stresses and calculate equivalent nodal forces. These nodal forces [Q] can be expressed in terms of coefficients C:
and ^»=L [N] T [n] [P]ds (8) ( 9) where m denotes the number for finite element, [N] is the matrix of isoparametric element shape functions, [n] is the matrix of the normal direction cosines, and [P] is the basis function matrix for stresses and is defined in equation (3) . In order to save computational time, the matrices [G]", are calculated prior to the start of iteration shown in Table 1 . Although the matrix [P] has the singularity of order l/vT, at the crack front, the magnitude of the matrix [P] (or stress) decays rapidly with the distance from the crack front. Thus, the matrices [G]," are calculated only at the element surfaces which satisfy the following condition.
. <5or,
where a\ is the major semi-axis of the elliptical crack, and r min is the distance of the closest nodal point of each surface element, from the center of the elliptical crack as shown in Fig. 1 .
8 Consider the nodal forces in Step 7 as external applied loads acting on the uncracked body. Repeat all steps in the iteration process until the residual stresses on the crack surface become negligible (Step 3). To obtain the final solution, add the stress intensity factors of all iterations. In fitting polynomials in a bounded region by using the least squares method, it is well known that the accuracy of fitting in the fitting region can be increased with the increasing number of polynomial terms; however, in the region outside of the fitting region the fitted curve may change drastically. In the present alternating method, as explained earlier, the analytical solution for the entire elliptical crack in an infinite solid is implemented as Solution 1. For these reasons, in Step 4 of the alternating method, it is necessary to define the residual stresses over the entire crack plane including the portion of the crack which lies outside of the finite body.
In reference [5] , numerical experimentation was done for arriving at an optimum pressure distribution on the crack surface extended into the fictitious region. From the conclusion of numerical experimentation in reference [5] , in the present paper, we use the residual stress distribution shown in Fig. 2 . The fictitious pressure for the region x 2 < 0 varies in the*! direction and remains constant in thex 2 direction.
Magnification Factor and Polynomial Influence Functions
In the present study, to express the effects of boundary conditions, crack aspect ratio, cylinder thickness, curvature of cylinder and so on, a magnification factor (normalized stress intensity factor) F p defined by the following equation is used for a pressurized cylinder: 
2L-
where
is the complete Fig. 3 Geometry of flawed cylinder elliptical integral of second kind and A is given by equation (6) . The numerator of the right-hand side of equation (11) corresponds to the stress intensity factor for the elliptical crack with the pressure d, on the crack surface, in an infinite solid.
We also determine a so-called "polynomial influence function" for each polynomial loading. The polynomial loadings considered in this study are o®=A ffl<~ sum and j = 0,1,2,. . .) (12) where Aj's are the as-yet undetermined coefficients. The polynomial influence functions corresponding to these loadings are defined by Lj(6) = K,A0) (13) Once the coefficients Aj are determined, the polynomial influence functions can be superimposed to obtain the stress intensity factors.
To obtain the relation between the magnification factor 
07)
For an unpressurized crack, the coefficients Aj are given by equations (16a) and (166).
For a pressurized crack, using the relation P t = a t (Rl -R})/(Rl+Rf), only the coefficient for the constant loading, A 0 , should be modified as
5
Results and Discussion
All numerical analyses were performed by using a CDC CYBER 74. A linear elastic material with Poisson's ratio v = 0.3 is used in the present paper. All problems considered here concern the Mode I crack problem.
Outer Semi-Elliptical Surface Crack in Thick Cylinder.
We consider here the problem of an internally pressurized thick-walled cylinder with an outer semi-elliptical surface crack. The geometries of this problem are given in Fig. 4 . The problem considered in this section is identical to that analyzed in reference [8] . Stress a u corresponding to the plane strain condition (<j, = -v(a RR + a H )) (where the cylindrical coordinates consist of (x,, R, \p) as shown in Fig.  3) were imposed on the end of the cylinder (x { = L) to account for the end condition of the problem.
The finite element breakdown for the uncracked cylinder is Fig. 4 . Due to the symmetries of the problem, only one quarter of the cylinder was modeled by finite elements. It should be noted that the finite element model is used for analyzing the uncracked cylinder, although the mesh pattern follows the original crack shape. Therefore all the displacements w 3 on the plane of x 3 =0 are constrained due to the symmetry. The finite element mesh shown in Fig. 4 consists of 96 20-noded isoparametric elements with 1815 degrees of freedom (before imposition of the boundary conditions). The matrices [G]," given in equation (9) are calculated on the surfaces of R = R t , R = R 0 , and x x = L which satisfy the condition (10), r m < 5«!, prior to the start of iteration process. It is noted that all surface elements on x, = L are excluded in calculation of [G] ,", since L > 5a x , in this case.
The variation of the magnification factor (nondimensional stress intensity factor) obtained by the present method is shown in Fig. 5 along with the results obtained by 3-D hybrid crack elements [8] and the virtual crack extension method [12] . Fair agreement of the results can be seen in the figure. The present results agree well with that obtained in reference [12] . Figure 6 shows the variation of residual stress on the crack surface with each cycle of iteration in the alternating technique (see Step 2 in flow chart). It is seen that the residual stress decreases rapidly and monotonically with the number of iterations. After the 4th iteration, the residual stress became 0.3 percent of the internal pressure P,-.
To check the effect of the condition (10), the matrices [G] m on all the surface elements on the plane of R = R h R = R 0 , and x, = L were also calculated and used in the alternating method. The result using all the matrices [G]," gives the slightly higher variation of stress intensity factor, i.e., 0.3 percent ~ 0.1 percent, than that obtained by using the matrices [G]," which satisfy the condition (10). The analysis of this problem was also done by Atluri and Kathiresan [9] , McGowan and Raymund [10] , and Heliot, et al. [13] .
The finite element breakdown for the uncracked cylinder is shown in Fig. 7 . We note that the original crack is supposed to be located at the lower part of the finite element model shown in Fig. 7 . Due to the appropriate symmetry conditions, only one quarter of the cylinder was modelled. This finite element mesh consists of 100 20-noded isoparametric elements with 1872 degrees of freedom (before imposition of boundary conditions). The axial displacements u x at the end of the cylinder (x x = L) were suppressed to obtain the plane strain condition in the x, direction.
The matrices [G] m are calculated on the surfaces of R = R, and R = R 0 which satisfy the condition (10), r min < 5a { , prior to the start of the iteration process. It is noted that the matrices [G]," should be calculated only on the surface where stress condition is prescribed (including free condition). Thus in this case, it is not necessary to calculate [G] ," on the plane X, = L.
Seven separate loadings for each of the crack geometries are considered. These are: 
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Since the global stiffness matrix and the matrices [G]", are the same, the foregoing seven separate loading cases are solved at once for each crack geometry. Thus, as explained earlier, the reduction of stiffness matrix was done only once, while the reduction of load vector and back substitution were repeated for the iteration process in the alternating technique, and for seven loading cases. The CPU time for each crack geometry with all seven loading cases was about 1700 s using a CYBER 74.
First, the polynomial influence functions Lj(6) for three crack depths (a 2 /t = 0.25, 0.5, 0.8) are shown in Figs. 8-10 . The magnitude of the polynomial influence functions Lj(ff) decreases with the order of polynomial, since the total pressure acting on the crack surface decreases.
To check the internal consistency of the present analysis itself, the magnification factors F p (6) are re-evaluated using the results for Lj (6) shown in Figs. 8-10 . These results as well as magnification factors obtained directly by the analyses of the pressure loading case are summarized in Tables 2-4 . The magnification factors F* (6) were obtained by
Rl+Rf
In the foregoing, the linear interpolation of Lame's hoop stress expressed by equation (14) was used between the points on the inner and outer surfaces. Comparison of magnification factors (a 2 lt = 0.5) In the present analysis, twelve terms of the fifth-order polynomial (MXDOP = 5; M= 2, / = 0, j = 0,1) in equation (1) were used for the fitting of the residual stress in Step 4. Figure  13 also shows the result with a cubic polynomial fitting (MXDOP = 3, M=l, /' = 0, 7 = 0,1). The present result with MXDOP = 5 is slightly closer to the results obtained by the boundary integral equation method [13] . In comparison, in reference [5] , the stress intensity factors for a semi-elliptical surface cack in a finite thickness plate were shown to be significantly improved when the polynomial order was increased. A significant improvement was also seen for a quarter-elliptical corner crack in a finite thickness plate [17] . The slight improvement in the present study may be attributed to the fact that the stress state through the thickness of a thin cylinder considered here does not vary drastically. This is also evident in the demonstrations shown in Tables 2-4 . 
Concluding Remarks
The alternating method, in conjunction with the finite element method and the analytical solution for an elliptical crack in an infinite solid, was used for the analyses of semielliptical surface flaws in pressurized cylinders. The present finite element alternating method leads to a very inexpensive procedure for routine evaluation of accurate stress intensity factors for flawed pressure vessels. It should be emphasized again that the uncracked cylinder corresponding to the original flawed cylinders were solved in the alternating method.
The polynomial influence functions obtained in the present paper give useful information for design purposes such as analysis of a thermally shocked cylinder.
